Within the context of the quantum field theory in curved space-times, Hacyan and Sarmiento defined the vacuum stress-energy tensor with respect to the accelerated observer. They calculated it for a uniform acceleration and a circular motion, and derived that the rotating observer perceives a flux. Mane related the flux to synchrotron radiation. In order to investigate the relation between the vacuum stress and bremsstrahlung, we estimate the stress-energy tensor of electromagnetic field generated by a point charge, at the position of the charge. We use the retarded field as a self-field of the point charge, therefore the tensor diverges if we evaluate it as it is. So we remove the divergent contributions by using the expansion of the tensor in powers of the distance from the point charge. Finally, we take an average for the angular dependence of the expansion. We calculate it for the uniform acceleration and the circular motion, and it is found that the order of vacuum stress multiplied by πα (α = e 2 /hc is the fine structure constant) is equal to that of self-stress.
Introduction
In the Minkowski spacetime, a field is quantized with respect not only to the inertial frame, but also to a uniformly accelerated frame [1] . Definitions of vacuum of these quantizations are not equivalent to each other. In the latter quantization, the vacuum of the former corresponds to a thermal bath in which the temperature is proportional to the acceleration of the latter frame. Therefore, one can interpret that a uniformly accelerated observer in the vacuum perceives a thermal bath of temperature proportional to his acceleration [2, 3] . It is referred as the Unruh effect. That is confirmed by using the Unruh-DeWitt detector, which is a mathematically idealized detector of the field quanta [3, 4, 5, 6] . It is well known that, when the detector is uniformly accelerated, the transition probability between the internal states of the detector indicates the thermal behavior. The detector is also excited in any accelerated motion, but, in general, the transition probability does not indicate the thermal behavior. The behavior of the detector in a rotating orbit (circular Unruh effect [7] ) is particularly interesting because of the possibility of experimental verification [8] .
By the way, how can an accelerated electron be affected by the Unruh-like effect stated above? The spin of the electron could correspond to the internal degree of freedom of the detector [8] , and it is concerned with the experimental verificaton of the circular Unruh effect. On the other hand, it would be also interesting to investigate the relation between the bremsstrahlung and the Unruh-like effect [9, 10, 11, 12, 13] and this paper is intended to investigate along this point of view. In this connection, there is an eternal problem of classical electrodynamics whether the uniformly accelerated electron radiates [14, 15, 16] , and it would be interesting to consider the problem in the connection to the Unruh effect. The discussions from this point are found, for example, in Refs. [9, 12, 17] .
In this paper, we make a calculation within the classical theory, concerned with the discussion by Mane [10] which related bremsstrahlung to the Unruh effect. The outline of the discussion is the following. Within the quantum field theory in curved space-times, Hacyan and Sarmiento defined the spectrum of the stress-energy tensor of electromagnetic vacuum with respect to an accelerated observer, and calculated it for the uniformly accelerated motion and the circular motion [18] . For the uniform acceleration, they obtained a spectrum of an isotropic thermal bath, and for the circular motion, they derived that the spectrum is not thermal and there is a flux directed along the tangent velocity of the observer. Hacyan and Sarmiento pointed out the possibility that the flux would causes some friction-like effect on a rotating particle. Mane suggested that the friction-like effect is related to the radiation damping of synchrotron radiation. Mane discussed that if the flux is coupled to an electron through the fine structure constant α = e 2 /hc, the order of energy loss of electron is classical, and it corresponds to the order derived by the Larmor formula.
Then we are interested in how the vacuum stress can be related to the classical bremsstrahlung, and we intend to evaluate the stress-energy tensor of electromagnetic field generated by a point charge, at the position of the charge. We use the retarded field as a self-field, so the tensor diverges if we evaluate it as it is. We consider the expansion of the tensor in powers of the distance from the point charge, and we remove the divergent contributions in the limit that the distance approaches to zero. That is, we regard the renormalized tensor as the terms with zero-th order in the expansion. Although the result depends on the direction along which we take the limit, we remove the directional dependence by taking an angular average. We calculate it for the uniform acceleration and the circular motion, and it is found that the order of vacuum stress multiplied by πα is equivalent to that of self-stress which we calculate.
In section 2, we review the vacuum stress-energy tensor defined by Hacyan and Sarmiento and the discussion given by Mane. In section 3, the expansion of the retarded field is obtained by using the method of Dirac [19] , and it is used to evaluate the zero-th terms in the expansion of stress-energy tensor of the self-field in section 4. The result is disscused in section 5. Throughout the paper, we take the Gaussian units and the metric with signature (+, −, −, −). We employ natural units c =h = 1, but we write c andh explicitly only when the order estimation is needed.
2 Vacuum stress and the discussion of Mane
Vacuum stress-energy tensor
Within the context of the quantum field theory in curved space-times, Hacyan and Sarmiento defined the electromagnetic vacuum stress-energy tensor with respect to the accelerated observer [18] . The main points of discussion are following. The expectation value of the stress-energy tensor of electromagnetic field is
where |0 M represents the Minkowski vacuum. As is well known, it diverges. In an inertial frame, when one evaluates the expectation value of the stress-energy tensor for a quantum state, the divergence of the expectation value is removed by subtracting the expectation value for the Minkowski vacuum. However, in a general accelerated frame, we must do in an another way because the accelerated particle detector is excited even in the Minkowski vacuum. If one defines that
then
where
are the Wightman functions for the massless scalar field. Therefore
Now, let us evaluate the spectrum of the stress-energy tensor detected by an observer through the world line
where τ is the proper time of the detector. It follows that
Using the Fourier transform
the stress-energy tensor is written as
In a uniform acceleration with acceleration a, Eq. (11) turns out to be
where u µ is the 4-velocity of the observer. If one considers that the effect of spin modifies the density of states from ω 2 dω to (ω 2 +a 2 )dω, above spectrum is interpreted as a Planck spectrum.
If one wants to know the spectrum of the stress-energy tensor, one should use Eq. (11). But, if one wants to know only the finite portion of the integration of Eq. (11), it would be enough that one returns to Eq. (3). Because D ± µν (τ + σ/2, τ − σ/2) are the even functions with respect to σ, it can be written as
The elimination of the divergent contribution in Eq. (12) would correspond to the elimination of first two terms in Eq. (13) . Therefore the finite contribution of the stress-energy tensor would be
Although Hacyan and Sarmiento were careful with the divergence elimination, they adopted Eq. (14) for the uniform acceleration and the circular motion. Therefore we will also adopt Eq. (14) . One should note that the method can be interpreted as follows: one expands T µν in powers of proper time, removes contributions which diverge when σ → 0, and obtains the contributions with zero-th order as a result.
In the following we write down the results for the uniform acceleration and the circular motion. The world line of the uniformly accelerated observer is
If one evaluates the vacuum stress at the instant that the observer is at rest, i.e., at τ = 0, the result is that
In the laboratory frame, the circular motion is written as
where R is the radius of the circle, v is the velocity in the laboratory frame, Ω = v/R, and γ = (1 − v 2 ) −1/2 . Here, one defines that
Components of these vectors are defined in the laboratory frame. These are orthonormal to each other. We can write thaṫ
Then, we also define that
The Lorentz transformation of k µ ,l
with respect to the velocity of the observer areż
are orthonormal to each other, and constitute the coordinate basis of the rest frame of the observer. We set the x, y, z axis along the directions of l
The vacuum stress is evaluated, in the rest frame of the observer, as
(It seems that Eqs. (4.23a-c) in Ref. [18] would be misprinted). We should note that the Poynting vector is not zero, and the flux is directed along y axis, i.e., along the Lorentz boost from the laboratory frame to the rest frame of the observer. Hacyan and Sarmiento pointed out that "if this flux is real, it should imply some friction-like effect on a rotating particle".
The discussion of Mane
Mane suggested that the flux relates to the damping of synchrotron radiation [10] . We point out his discussion here. We consider the case where a charged particle is moving along the orbit with the radius of curvature R in the ultrarelativistic limit. First we consider the area where the charged particle interacts with the electromagnetic field [20] . Because an ultrarelativistic particle radiates with the angle θ ∼ γ −1 , the observer at rest at infinity observes the radiation mainly in the duration that the particle rotates by θ ∼ γ −1 . Therefore the particle interacts with the electromagnetic field in the time ∆t ∼ (Rθ)/v ∼ R/(γv). In that time the radiation travels a distance D = c∆t ∼ (Rc)/(γv). Therefore the electromagnetic wave radiated in ∆t spreads out in the area A ∼ (θD) 2 on a surface orthogonal to the orbit. The area is invariant for the Lorentz transformation from the laboratory frame to the rest frame, because the surface is orthogonal to the orbit. We regard A as the area where the charged particle interacts with the electromagnetic field.
We can write the Poynting flux in Eq. (21) in the form
where l µ 2 is given as
Since p is proportional toh, the flux becomes zero in the classical limit. But if the particle couples with the flux by the fine structure constant α = e 2 /hc, the contribution ofh vanishes and the effect on the particle becomes classical. The recoil induced by the flux of vacuum fluctuation on the four-momentum of the particle per unit proper time is
In the laboratory frame, energy loss of particle per unit laboratory time is given by the Larmor formula
This would be related to the damping force F in the form I = F · v, therefore the recoil induced by synchrotron radiation on the four-momentum of the particle per unit proper time is
So, we find that, in the ultrarelativistic limit, the order of recoil induced by the interaction with the vacuum flux by assuming the coupling α is equal to that derived by Lamor formula.
Expansion of a retarded field
To investigate the relation between the vacuum stress and the bremsstrahlung, we evaluate the stress-energy tensor of a self-field generated by a charged particle, at the position of the particle. We use a point charge and adopt the retarded field as a selffield. Therefore, the self-stress which we now consider is divergent if we evaluate it as it is, so we must remove the divergent contributions by some procedure. We imitate the way used in renormalizing the vacuum stress-energy tensor, where an expansion is used. First we construct the expansion of the retarded field in powers of the distance from the point charge. By using this, we calculate the terms with zero-th order in the expansion of the stress-energy tensor, and we regard the result as the renormalized stress-energy tensor. In calculating the expansion of the field, we adopt the way used by Dirac in Ref. [19] , which is followed in this section and Appendices. The retarded potential generated by a 4-current j µ (x) is given in the form
is the retarded Green function. We define the world line of the point charge as z µ (τ ), where τ is the proper time. Then the 4-current of the point charge with charge e is
Dot mark above z means a differentiation with respect to the proper time. Substituting Eqs. (28) and (29) into Eq. (27), we have
where, in the last of the equation, the integration is taken from −∞ to some value of τ intermadiate between the retarded and advanced times. We now have
So the retarded field of the point charge becomes
where z µ is evaluated at the retarded time in the last of the equation. Here we put
and expand Eq. (32) in powers of γ µ . At that time, we choose τ 0 to satisfẏ
In the rest frame ofż(τ 0 ), spatial components of γ µ represent the variation from z(τ 0 ) to x. Therefore the expansion with respect to γ µ is equivalent to that with respect to the distance from the point charge in the instantaneous rest frame of the point charge. By the way, Dirac calculated the expansion for [1 − γ ·z] 1/2 F µν,ret , but we calculate for F µν,ret . The details of the culculation are complicated, therefore, given in the Appendices A and B. Before we give the result of the calculation, some notations are defined:
The expansion of F µν,ret in powers of ǫ is derived as follows:
where the functions of τ in the expansion are evaluated at the time τ = τ 0 .
Evaluation of self-stress
In this section we calculate the terms with zero-th order in the expansion of the stressenergy tensor for a point charge with a uniform acceleration and a circular motion. We evaluate them in the rest frame ofż(τ 0 ) at an instant τ = τ 0 . Because expansion coefficients in Eq. (36) have an angular dependence, n µ , the stress-energy tensor also has an angular dependence. We remove the dependence simply by taking an average.
First let us calculate for a point charge with uniform acceleration a. The world line of the charge is expressed by Eq. (15) . The charge is at rest at τ = 0, so we evaluate it at τ = 0. Inserting
into Eq. (36), we have
Here, we note that the terms with n µ m ν − n ν m µ have vanished. By using
the zero-th terms in e −2 a −4 F µ α,ret F αν ret are obtained as
and the zero-th terms in e −2 a −4 F µν,ret F νµ ret are obtained as
Substituting them into the expression of the stress-energy tensor
we obtain the zero-th terms in the expansion of T µν in powers of ǫ. From Eq. (40), it is found that the zero-th terms of Poynting vector T 0i , where a Roman index i represents a spatial component, is zero. This result is explained by the well known fact that, in the rest frame of the point charge with uniform acceleration, the Poynting vector of the retarded field vanishes because of the null magnetic field [16] .
We want to evaluate the zero-th terms in the expansion at the position of the charge, but Eqs. (40), and (41) are indefinite at that position because of the angular dependence n µ . So we consider the expansion, in powers of ǫ, of the angular average of T µν around the point charge, and calculate the zero-th terms of the expansion. The average is taken in the rest frame of the charge. We put n µ = (0, n x , n y , n z ), so that n = (n x , n y , n z ) is the unit vector directed from the position of the charge to the reference point of the field. If we express an angular averaged function by drawing a bar over the quantity, it follows that
Using these equations in evaluating Eqs. (40) and (41), and noting (n · m) = −n z , we have
Next let us calculate for a point charge with circular motion. The world line of the charge is given by Eq. (17) . We have
Inserting them into Eq. (36), and noting (n · l 1 ) = −n x , (n · l 2 ) = −n y , we find 
Substituting them into Eq. (42), and taking an angular average by using Eq. (43), we find that the zero-th term in the expansion of the angular averaged stress-energy tensor is
Discussions
Before comparing the self-stress with the vacuum stress, we should comment on the physical relevance of the self-stress which we have calculated. It should be noted that, although zero-th terms in the expansion of the self-stress themselves would be mathematically well defined quantities, our evaluation includes an artifical procedure in which we average the angular dependence of the quantities. Moreover, even if we can obtain the natural definition of the self-stress at the position of the particle, it would be difficult to make a clear sence when the physical predictability is considered. Our interest in the calculation is limited whether we can find out the remains of the Unruh-like effect in the calculation concerning the self-field. Let us compare the vacuum stress, Eq. (16) or Eq. (21), with the self-stress, Eq. (44) or Eq. (49), respectively. In uniform acceleration, both of them are proportional to the 4th power of acceleration a. In the circular motion, both of them are proportional to the 4th power of γ 2 Ω, and the degrees of v are in accordance with each other. Therefore, roughly speaking, the order of vacuum stress multiplied by πα is equivalent to that of self-stress. Next let us see more in details. In uniform acceleration, while the vacuum stress expresses the isotropic thermal bath of photons, as for the self-stress, the magnitude of radiation pressure is almost close to the amount of the energy density, the radiation pressure is anisotropic, and tension is acted on along the direction of acceleration. In circular motion, self-stress expresses tension along the y axis. Therefore, the resemblance between the two stress-energy tensors is not perfect. But it would be rather impressive that the degrees of a, γ
2 Ω, v, are all in accordance with each other. We would like to suppose that the self-stress which we have calculated reflects some indication of the Unruh-like effect. By the way, in the derivation of self-stress, we have used the expansion in powers of the distance from the charge. But, alternatively, we could construct the expansion in powers of the retarded time by substituting z(τ 0 ) for x in Eq. (32). At that time, expansion coefficients do not include directional unit vector n µ , so the angular dependence disappears. In this case, we find, similarly, that the order of the vacuum stress multiplied by πα is equivalent to that of self-stress. Furthermore, in this alternative construction, we could consider the spectrum of the self-stress, because the Fourier transform with respect to time is possible. But our trial calculation for the uniform acceleration does not lead to the clear spectrum of thermal bath, and results in rather an awkward form, which slightly leaves the Planckian form. More intricate investigation should be needed along this line.
The agreement of these degrees of parameters may be explained as follows. The expansion of vacuum stress begins with the minus 4th power in Eq. (13) . On the other hand, because the retarded field of Eq. (32) is on the order of minus second power of retarded time, the expansion of self-stress in powers of the retarded time begins with the minus 4th power. We have renormalized each stress by extracting the zero-th power. In each expansion of stress, the power of extracted term, relative to the lowest power in each expansion, is equivalent to the other. Therefore the resemblance between the two stress-energy tensors is expected.
To investigate the relation between the Unruh-like effect and bremsstrahlung, we have examined the self-field of a point charge. So our approach to the Unruh-like effect might be related to the derivation of the Unruh effect in the self-field approach of Ref. [21] . Finally, we want to stress that our result is derived by using only the classical theory [22] .
Appendix A
In this Appendix, we note the derivation of Eq. (36). For simplicity, we set τ 0 = 0. At first, we consider a Taylor expansion of the right-hand side of Eq. (32) with respect to the proper time, around τ = τ 0 = 0. Next we translate this expansion into the expansion in powers of ǫ. In the following, the coefficients of the expansion are evaluated at τ = 0, and the time is omitted.
Let us expand z(τ ) − x andż(τ ) around τ = 0. Because the retarded time τ depends on ǫ in the form τ ∼ −ǫ, we can write, while keeping the order of ǫ in mind, that z(τ ) − x = −γ + (1) 
